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Taking the m-power of an entry is a well-defined operation on the unimodular 
vectors in A” modulo addition operations, if n is at least 3, for an arbitrary com- 
mutative ring A and any integer m. c> 1986 Academic Press, Inc 
INTRODUCTION 
Let A be an associative commutative ring with 1, n a natural number, A” 
the set of all rows (a, ,..., a,) over A, Um,A the subset of unimodular rows 
(ai) (i.e., a,A+ ... +a,A=A, or, equivalently, a,b,+ ... +a,b,=l for 
some bi in A), GL,A the group of all invertible n by n matrices over A, 
E,A the subgroup generated by all elementary (“elementary” means here 
that all its entries, but one nondiagonal entry, must be the same as in the 
identity matrix 1.). 
The group GL,A acts on Um,A by right multiplications, and so does the 
subgroup E,A. The multiplication by an elementary matrix amounts to an 
addition operation, so the orbit set Urn,, A/E,A is the set of unimodular 
rows modulo the addition operations over A. 
The object of this note is to introduce an action of the multiplicative 
semigroup Z (the integers) on the set Urn, A/E, A, provided n 2 3. Namely, 
it is proved here that taking the m-power of an entry (coordinate) is a well- 
defined operation $, on Um,AIE, A, n 3 3, for an integer m (when m is 
negative, the m-power of an entry is taken modulo the othe; entries). 
* Supported in part by the National Science Foundation and John Simon Guggenheim 
Memorial Foundation. 
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THEOREM. For any n > 3 and any commutative ring A with 1 there are 
unary operations tirn on Urn, A/E, A, m E Z, such that: 
(a) *,+,, = $mmZ for all m, m’E Z; 
(b) the image of e0 is the orbit of (1, O,..., 0); 
(cl when m >O, Il/,(rE,A) 3 (a?, a2 ,..., a,) for any r = (a ,,..., a,) in 
Urn, A. 
Note that the orbit of (1, O,..., 0) under E, A contains every row with an 
invertible or zero entry. Calling this orbit a base point, we can consider the 
orbit sets as pointed sets. 
The operation $ _, was introduced in [9, Lemma 13.11 and used in [9, 
Sect. 131. The fact that $* is well defined follows from the proof of 
Lemma 2.10 in [4]. 
Since (a,, a2, a3 ,...) can be reduced to (a*, -a,, a,,...) by three addition 
operations, the well-definedness of $, implies that (ay, az, a,,...) and 
(a,, a;l, 4,.-l are in the same orbit of E,A (m > 0). The well-definedness of 
I,~, implies easily that the rows of any matrix in GL,A are in the same 
orbit of E,A (n33). 
It was observed by A. Suslin [4] that (al;, a,,...) is the first row of an 
invertible matrix, provided m is divisible by (n - 1 )! (The case n = 3 was 
observed independently in [S].) Our theorem gives a shortcut in proving 
this, allowing to move exponents from one entry to another. 
Before proving the theorem in the next section, we remark that the orbit 
sets Um,A/E,A (and similar sets such as Um,A/SL, A) are related to 
algebraic K-theory (see, e.g., [3-91) and that sometimes they carry group 
structures. 
Let us elaborate on group structures. Take, for instance, A = RX, the ring 
of continuous real-valued functions on a topological space X. When X is 
compact and n > 2, Um,A/E,A is easily identified with rr”- ‘(X), the 
homotopy classes of continuous mappings from X to the (n - 1)-sphere 
S”- ‘. (When A = Cx, Um,A/E,,A = n2”P’(X). The answer stays the same 
when we replace A by a dense subring.) 
When n = 2 or 4, s”- ’ has a topological group structure, so rc+ ‘(X) is a 
group. Borsuk observed a group structure on rcnm ‘(X) when dim(X) < 
2n-4 (see [2]). 
The situation for n = 2 can be generalized to any commutative ring A as 
follows: Um,A/N,A = SL,A/N2A has the factor group structure, N2A is 
the normal subgroup of GL,A generated by E, A and SL,A is the sub- 
group of matrices with determinant 1. 
Note that N,A = E, A when A = RX (or C”, or a dense subring; see 
[ 111) and that E,A is normal in GL,A for an arbitrary commutative ring 
A when n 3 3 (Suslin). 
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When n = 3, we observe [9, Corollary 7.43 an abelian group structure on 
Um,A/E,A for any A with sr(A) < 3 (i.e., for A satisfying the third Bass 
stable range condition). This tits nicely with the situation in the particular 
case A = RX, because sr(RX) = dim(X) + 1 (see [lo]). 
Using this result of L. Vaserstein and Vaserstein’s pre-stabilization 
theorem for K,, van der Kallen introduced in [l] an abelian group struc- 
ture on Um,A/E,A for any commutative noetherian (n - 1)-dimensional 
ring A and n 2 4. Of course, one would like to replace here this condition 
on A by the weaker condition sr(A) d n or, to be more ambitious and 
include the Borsuk result, by sr(A) d 2n - 3. 
Finally, let us indicate two ways to generalize the theorem. First we can 
replace the free A-module A”, n > 3, by any A-module M with a direct sum- 
mand isomorphic to A 3. Secondly, given an ideal .I of A, we can consider 
the rows in Um,A congruent to (1, O,..., 0) modulo J and allow addition 
operations 1, + e,,j(x) with x E J when i = 1 and arbitrary x in A when 
i # 1. Also we can combine these two situations, assuming that both M and 
J as above are given. We leave it to the reader to introduce I//, in these 
more general settings. 
PROOF OF THEOREM 
Notation. We write r-r’ for two rows r and r’ in Um,A, if rE,A = 
r’E,A, that is, they can be reduced to each other by addition operations 
over A. 
LEMMA 1. Let ~1 be a 2 by 2 matrix over A and (a,, a*, a3) E Um,A. 
Assume that the reduction of 01 module a,A belongs to N,(A/a,A). Then 
((a,, 4) a, a3)-(al, a2, a3). 
Proof: It suffices to consider the case when CI modulo a,A has the form 
8Y8-‘9 where y is an elementary matrix 1 2 + e,,,(x’), x’ E A/a,A, and 
B E GL2Wa3A ). 
Let x’=x+a,A, /?E (; 2) mod(Aa,), and u det(/3) = 1 mod(Aa,) with 
x, y, z, u in A. 
Then cc~~y~~‘-12+(~)x(-~z,~y)=12+cr~SL,A, where c=(;), 
r=(-xuz,xyz)EA’. 
Note that 
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and that 
(~1, a21 a= (a,, a,)(l, + CT) mod(a,A), 
COROLLARY 2. Let (a,, u2, u3) E Um,A, u E A, and Au, + Au = A. Then 
(a,, a29 &)-(a,, Q2% f&u). 
Proof Findu,b,inAsuchthatu,b,+u,b,+u,b,=1andou-lEAa,. 
Set 
Reduced modulo a, A, the matrix c1 is in SL,(A/u, A), and 
hence 
(u,u, u,u)= (a,, u3) a-‘/?a mod(u,A). 
In view of Lemma 1 (used with some permutation of entries), we see that 
it suffices to show that the image of /? in GL,(A/Au,) lies in E,(A/Au,). But 
this follows from the Whitehead lemma (with w = u + Au, E A/Au,): 
(; wq=(; wJ(: Y)(:, “-1-‘)(Y, ;), 
LEMMA 3. Let n>3, ~=(a,)-~‘=(a;) in Um,A, u,v~A, a,~--1~ 
Au, + . . . + Au,, and a;v- 1 EAa;+ .‘. + Au:. Then (u, u2 ,..., a,) - 
(u, a; )...) a;). 
Proof: (See Lemma 13.1 in [9].) It suffices to handle the case when 
u’=~(l.+e,,~(z)) with i#j, ZEA. 
When i # 1, the statement is trivial, so let us assume that i = 1. For con- 
venience of notation assume that j = 2. Then a,! = ui for i # 2, a; = a, + zu,, 
and 
u,u+y(u,+zu,)~1 (mod(Au,+ ... +Au,)) 
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for some y in A, hence 
a,(~+ yz)+ yz,= 1 (mod(Aa,+ ... + Au,)). 
Therefore 
u = u + yz (mod(Aa, + . ’ + Au,,)). 
Set 
C= r=(yz, -u,z)~A’, E= l,+cr~sL,A, 
and 
As in the proof of Lemma 1, we see that 6 E E,A. Moreover (u, a;,..., al) 
= (0, a, + zu,, u3 )..., a,) - (0, u2 + zu,, u3 )..., a,) 6 - (u + yz, a, + zu, - 
ZU,) uj,..., a,) = (II+ yz, u2 ,..., a,) - (u, u2 ,..., an), because u + yz= u 
(mod(Au, + . . . + Au,)). 
DEFINITION OF I)-,. For any n 3 3 and a = (a,) in Urn,A we can find 6, 
in A such that b,zu;’ (mod(Au,+ ... +Au,). Define $-,a to be the 
orbit (b,, u2 ,..., a,) &A. 
This evidently does not depend on the choice of b,. By Lemma 3, this 
does not depend on the choice of a in an orbit. Also it is clear that 
(+ ~ ,)2 = id and that $ , commutes with the permutations of the entries. 
LEMMA 4. Let m be a natural number, n 3 3, u= (ai)-a’ = (a,!) in 
Um,A. Then 
(a?, u2 ,..., a,)- (aim, a; ,..., al). 
Proof As in Lemma 3, it suffices to deal with the case when a: = ui for 
i#2 and a; =a2 +zu, with z in A. Since every addition operation over 
A/(Aa, + ... + Au,) can be lifted to an addition operation over A, it suf- 
fices to consider the case n = 3. 
Find b,in A such that u,b,+u,b,+u,b,=l. Set b;=b,-zb,, u=l+ 
u,b, + ... + (u,b,)“-‘, and u’=l+u,b;+ ... +(u,b;)EA. Then u,b;+ 
u;b, + u,b, = 1, uyb;” + u,(b,u) + u,(b,u) = 1, and u~b;“+u;b,u’+ 
a3 b, u’ = 1. Using the operation II/ ~, , we have 
(II/ ~ I 13(aY, a2, u3) E,A = (by, b,u, b,u) E,A 
and 
(II/ -I J3(ar;, a;, us) E,A = (b;“, b2u’, b,u’) E,A. 
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By Corollary 2, (by, b,u, b,u) - (67, b,, b3) - ((6, -zb2)m, bZ, b3) = 
(b;“, b2, b3) - (b;“, b2u’, b,u’). 
Thus, (II/ - l 13(al;l, a2, a31 = ($ - 1 13( a;l, a;, a3). Applying $ _, to both sides 
and using (II/ _ I)2 = id, we obtain 
Now we can conclude our proof of theorem. We define IC/* for m > 0 by 
rClws(a, t...> a,) E,A) = (ay, a, ,..., a,) E,A. 
This is well defined by Lemma 4. It is clear that $,$,, = timm, for any 
m,m’>O, and til=id. 
We define $. by 
tidal ,..., a,)E,A=(l,a, ,..., a,)E,A=(l,O ,..., 0)&A. 
Now we have tim$,,,, = tj,,,,,,, for any m, m’ > 0. Finally, we define $, for 
m< -1 by 
The properties (a), (b), (c) are now evident. 
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